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Complete dynamic balancing principles still cannot avoid a
substantial increase of mass and inertia. In addition, the con-
ditions for dynamic balance and the inertia equations can be
complicated to derive. This article shows how a double pendu-
lum can be fully dynamically balanced by using counter-rotary
counter-masses (CRCMs) for reduced additional mass and in-
ertia. New CRCM-configurations were derived that have a low
inertia, a single CRCM or have all CRCMs near the base. This
article also shows how a CRCM-balanced double pendulum can
be used as building element in the synthesis of balanced mecha-
nisms for which the balancing conditions and inertia equations
can be written down quickly. For constrained mechanisms the
procedure is to first write down the known balancing conditions
and inertia equations for the balanced double pendula and sub-
sequently substitute the kinematic relations.
INTRODUCTION
Dynamic balance is an important property of manipulators
since it reduces noise, wear and fatigue [1] and allows them to
have both low cycle times and high accuracy since unbalanced
manipulators lose time to have vibrations been damped out [2].
∗Address all correspondence to this author.1Since mechanisms that are dynamically balanced with respect
to their base do not result into vibrations of the base, it can be
useful in hand tools, improving the ergonomics, and reducing
risks of injuries [3]. In objects and vehicles moving in free space,
dynamic balance is important for maintaining the orientation [4].
Disadvantages of dynamic balancing are that finding the
balancing conditions may be complicated [5] and a substantial
amount of mass and inertia generally must be added [6]. More
inertia means that more power is needed to drive the mechanism
while more mass means more power to lift and control the object
in free space. Research must therefore be focussed on reducing
these disadvantages. One way to reduce the mass and inertia is by
using the counter-masses necessary for the force balance of the
linkage also for balancing the moment, as shown by Berestov [7].
In [8–10] this principle is compared with other balancing prin-
ciples, showing indeed a reduction of the additional mass and
inertia.
Objective
The objective of this article is to show that a double pen-
dulum balanced by using these counter-rotary counter-masses
(CRCMs) can be used as a building element from which useful
balanced mechanisms can be derived and for which the balanc-
ing conditions and inertia equations can be obtained easily. TheCopyright c© 2008 by ASME
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Figure 1. BASIC CRCM-BALANCED DOUBLE PENDULUM; BY
COUNTER-ROTATING m∗1 AND m
∗
2 THE MOMENT OF RESPECTIVELY
LINK 1 AND 2 ARE BALANCED
inertia equations are the equations of the reduced inertia. This
is the inertia of the mechanism reduced to the input angles, as
defined in [11].
Approach
From a known CRCM-configuration, new configurations to
balance a double pendulum by CRCMs are derived which differ
with respect to the number, the position, and the transmission of
the counter-rotating elements. For each configuration the balanc-
ing conditions and inertia equations are obtained. By comparing
the results the advantages of each principle is shown.
Then with these CRCM-balanced double pendula, various
useful balanced 2-DOF parallel mechanisms, crank-slider mech-
anisms, and 4-bar mechanisms are synthesized. From the known
inertia equations of the CRCM-balanced double pendula, the
procedure to obtain the inertia equations for the synthesized
mechanisms is found. This procedure is illustrated for a 5-bar
parallel mechanism and a crank-slider mechanism. To find the
advantages of using CRCM-balanced double pendula for 3-DOF
mechanisms, at the end a 3-DOF planar and a 3-DOF spatial par-
allel mechanism are synthesized.
DOUBLE PENDULUM
A double pendulum can be modeled as an open chain with
two links with length l1 and l2 as shown in Fig. 1. A lumped mass
m2 with inertia I2 is situated at the end of link 2. The lumped
mass m2 can represent the mass distribution of link 2, a payload
or both. For ease of calculation, the mass and inertia of link 1
are neglected, however including them is possible and does not
effect the way the results in this article are obtained.2A
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Figure 2. CRCM-BALANCED DOUBLE PENDULUM BY USING EX-
TERNAL GEARS
The double pendulum of Fig. 1 is balanced with the two CR-
CMs m∗1 and m
∗
2 as described in [9]. Mass m2 is force balanced
about A by CRCM m∗2 which is a lumped mass with inertia I
∗
2 .
CRCM m∗1 with inertia I
∗
1 is also a lumped mass and is used to
force balance the linkage about the origin O.
For the moment balance of link 2, a gear about A is mounted
on link 1 and drives m∗2 with a belt by which it rotates with trans-
mission ratio k2. This CRCM rotates in opposite direction of link
2 which makes k2 negative. The same is done at O where a gear,
attached to the base, drives m∗1 in opposite direction of link 1 (k1
is negative). It is also possible to drive the CRCMs by using a
set of external gears as shown in Fig. 2 or with internal gears [8].
Balancing problems by using gears can occur due to backlash,
while for the belt transmission due the elasticity of the belt.
A balanced mechanism must both be (completely) force and
moment balanced. From [8,9] follows that a mechanism is force
balanced if the linear momentum of a mechanism is conserved,
while the mechanism is moment balanced if the angular momen-
tum is conserved. Generally the equations of the linear and an-
gular momentum of the double pendulum within the x-y plane
and about the origin O can be written as respectively:
pO = ∑
i
(mir˙i+m∗i r˙
∗
i ) (1)
hO,z = ∑
i
{Iiα˙i+ I∗i α˙∗i +(ri×mir˙i)z+(r∗i ×m∗i r˙∗i )z} (2)
with i being the number of the link, ri the position vector of mi,
Ii the inertia of mi, α˙i the angular velocity of link i and α˙∗i the an-
gular velocity of m∗i with respect to the reference frame. Asterisk
(.)∗ is used to indicate the balancing parameters. For the angular
momentum of a mechanism moving within the x-y plane only
the z-component is of importance since the others are zero. InCopyright c© 2008 by ASME
most situations the linear and angular momentum will need to be
zero, although a nonzero constant is not impossible. With θ1 and
θ2 being the relative angles between two connecting links, the
positions of the masses in Fig. 1 can be written in vector notation
[x,y,z]T as:
r∗1 =
−l∗1 cosθ1−l∗1 sinθ1
0
 r2 =
 l1 cosθ1+ l2 cosα2l1 sinθ1+ l2 sinα2
0

r∗2 =
 l1 cosθ1− l∗2 cosα2l1 sinθ1− l∗2 sinα2
0

where α2 = θ1 +θ2−pi is the angle between link 2 and the hor-
izontal, which was chosen to be aligned with the x-axis of the
reference frame. This means that α1 = θ1. With the derivatives
of the position vectors, from Eqn. (1) the linear momentum be-
comes:
pO =

(m∗1l
∗
1 −m2l2−m∗2l∗2)θ˙1 sinθ1−
(m2l2−m∗2l∗2)α˙2 sinα2
(−m∗1l∗1 +m2l2+m∗2l∗2)θ˙1 cosθ1+
(m2l2−m∗2l∗2)α˙2 cosα2)
0
 (3)
in which α˙2 = θ˙1 + θ˙2. A constant linear momentum for any
motion is found for the following conditions:
m∗2l
∗
2 = m2l2 (4)
m∗1l
∗
1 = (m2+m
∗
2)l1 (5)
In the remainder of this section the conditions for the mo-
ment balance and the inertia equations of this basic CRCM-
configuration are derived first, and subsequently for three new
CRCM-configurations that are derived from the basic configura-
tion.
Basic CRCM-balanced double pendulum
The angular momentum of the basic CRCM-balanced dou-
ble pendulum of Fig. 1 writes:
hO,z = I2(θ˙1+ θ˙2)+ I∗2 (θ˙1+ θ˙
∗
2)+ I
∗
1 θ˙
∗
1+
(r2×m2r˙2)z+(r∗1×m∗1r˙∗1)z+(r∗2×m∗2r˙∗2)z (6)
The kinematic relations of the CRCMs depend on the diameters
of the gears as:
θ˙∗1 =
(
1− dO
dB
)
= k1θ˙1 (7)3θ˙∗2 =
(
1− dA
dC
)
= k2θ˙2 (8)
with dO, dA, dB and dC being the diameter of the gear at O, A,
B and C respectively. The transmission ratios ki attain a nega-
tive value for a counter-rotation. With these kinematic relations
and assuming that the force balance conditions hold, the angular
momentum can be rewritten as:
hO,z = (I2+ I∗2 +m2l
2
2 +m
∗
1l
∗2
1 +m
∗
2l
∗2
2 +(m2+m
∗
2)l
2
1 +
k1I∗1 )θ˙1+
(
I2+m2l22 +m
∗
2l
∗2
2 + k2I
∗
2
)
θ˙2 (9)
Then for a constant angular momentum the following conditions
are found:
I∗1 =
I2+ I∗2 +m2l
2
2 +m
∗
1l
∗2
1 +m
∗
2l
∗2
2 +(m2+m
∗
2)l
2
1
−k1 (10)
I∗2 =
I2+m2l22 +m
∗
2l
∗2
2
−k2 (11)
The reduced inertia per input angle can be obtained from the
equations of the kinetic energy [11], which write:
TO =
1
2
Iredθ1 θ˙
2
1 (12)
TA =
1
2
Iredθ2 θ˙
2
2 (13)
in which Iredθ1 and I
red
θ2 are the reduced inertia moments about O
and A respectively. Iredθ1 then is the inertia an actuator at O feels
when θ˙2 = 0 and Iredθ2 the inertia an actuator at A feels when θ˙1 =
0. For the balanced double pendulum the equations of the kinetic
energy can be written as:
TO =
1
2
(
I2+ I∗2 +m2l
2
2 +m
∗
1l
∗2
1 +m
∗
2l
∗2
2 +(m2+m
∗
2)l
2
1
)
θ˙21+
1
2
I∗1 θ˙
∗2
1 (14)
TA =
1
2
(
I2+m2l22 +m
∗
2l
∗2
2
)
θ˙22+
1
2
I∗2 θ˙
∗2
2 (15)
By substituting Eqn. (7) and (8) the inertia equations become:
Iredθ1 = I2+ I
∗
2 +m2l
2
2 +m
∗
1l
∗2
1 +m
∗
2l
∗2
2 +(m2+m
∗
2)l
2
1 + k
2
1I
∗
1
(16)
Iredθ2 = I2+m2l
2
2 +m
∗
2l
∗2
2 + k
2
2I
∗
2 (17)
These equations are equal to the angular momentum but with the
transmission-ratios squared.Copyright c© 2008 by ASME
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Figure 3. BY CONNECTING THE GEAR AT A WITH A SECOND GEAR
AT O THAT IS MOUNTED ON THE BASE, THIS LOW INERTIA CONFIG-
URATION IS OBTAINED
Low inertia configuration
Instead of mounting the gear at A on link 1 as was done in
the basic configuration, it can also be connected with a belt to a
second gear at O which is mounted on the base. Then the config-
uration of Fig. 1 is changes into the configuration of Fig. 3. If the
diameter of the gear at A and the second gear at O are identical,
the gear at A will only translate for any motion of link 1 and link
2 and therefore is a parallel transmission. The advantage is that
in this case the CRCM m∗2 balances the moment of link 2 for any
motion of the linkage while in the basic CRCM-configuration
CRCM m∗2 does not contribute to the moment balance for motion
with constant θ2.
Since the positions of the CRCMs are the same as for the
basic configuration, the linear momentum of this mechanism is
equal to Eqn. (3). The angular momentum however can be writ-
ten as follows:
hO,z = I2(θ˙1+ θ˙2)+ I∗2 θ˙
∗
2+ I
∗
1 θ˙
∗
1+
(r2×m2r˙2)z+(r∗1×m∗1r˙∗1)z+(r∗2×m∗2r˙∗2)z (18)
in which θ˙∗1 is equal to Eqn. (7) and θ˙
∗
2 is written as:
θ˙∗2 = k2(θ˙1+ θ˙2) (19)
in which k2 is equal to that of Eqn. (8). With Eqn. (7) and (19)
hO,z becomes:
hO,z = (I2+m2l22 +m
∗
1l
∗2
1 +m
∗
2l
∗2
2 +
(m2+m∗2)l
2
1 + k1I
∗
1 + k2I
∗
2 )θ˙1+
(I2+m2l22 +m
∗
2l
∗2
2 + k2I
∗
2 )θ˙2 (20)4A
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Figure 4. WITH THE TRANSMISSION RATIOS k1 AND k2, THE DOU-
BLE PENDULUM CAN BE BALANCED WITH ONLY ONE CRCM
For a constant angular momentum the following expressions
must hold:
I∗1 =
I2+m2l22 +m
∗
1l
∗2
1 +m
∗
2l
∗2
2 +(m2+m
∗
2)l
2
1 + k2I
∗
2
−k1 (21)
I∗2 =
I2+m2l22 +m
∗
2l
∗2
2
−k2 (22)
Substituting Eqn. (22) into (21) for I∗2 results into:
I∗1 =
m∗1l
∗2
1 +(m2+m
∗
2)l
2
1
−k1 (23)
Counter-inertia I∗1 in this principle is smaller than that of the basic
CRCM-configuration in Eqn. (10). The equations of the reduced
inertias of this configuration can be calculated as before and be-
come:
Iredθ1 = (I2+m2l
2
2 +m
∗
2l
∗2
2 )(1− k2)+m∗1l∗21 +(m2+m∗2)l21 + k21I∗1
(24)
Iredθ2 = I2+m2l
2
2 +m
∗
2l
∗2
2 + k
2
2I
∗
2 (25)
where Eqn. (22) was substituted in Eqn. (24). Since the CRCM
m∗2 in this configuration balances the moment of link 2 for any
motion of the mechanism, the reduced inertia about O is lower
than that of the basic CRCM-configuration.
Balancing with only one CRCM
Due to the appearance of transmission ratio k2 in Eqn. (21),
there exists a situation for which I∗1 can be fixed to link 1 andCopyright c© 2008 by ASME
the double pendulum is moment balanced with only one CRCM.
Figure 4 shows a possible way in which, with respect to the con-
figuration of Fig. 3, the gear at A is driven with a fixed gear at
O and with transmission-ratio k1. m∗1 in this case can be fixed
to link 1 and is a counter-mass. The angular momentum of this
mechanism writes:
hO,z = I2(θ˙1+ θ˙2)+ I∗2 θ˙
∗
2+ I
∗
1 θ˙1+
(r2×m2r˙2)z+(r∗1×m∗1r˙∗1)z+(r∗2×m∗2r˙∗2)z (26)
in which the kinetic relation of θ˙∗2 depends on k1 and k2 and is:
θ˙∗2 =
(
1− dO
dA,1
)(
dA,2
dC
)
θ˙1+
(
1− dA,2
dC
)
θ˙2
= k1(1− k2)θ˙1+ k2θ˙2 (27)
with dO, dA,1, dA,2 and dC being the diameter of the gear at O, the
small gear at A, the large gear at A and the gear at C respectively.
By substituting Eqn. (27) into Eqn. (26) hO,z becomes:
hO,z = (I2+ I∗1 +m2l
2
2 +m
∗
1l
∗2
1 +
m∗2l
∗2
2 +(m2+m
∗
2)l
2
1 + k1(1− k2)I∗2 )θ˙1+
(I2+m2l22 +m
∗
2l
∗2
2 + k2I
∗
2 )θ˙2 (28)
and the conditions for a constant angular momentum are:
I∗2 =
I2+ I∗1 +m2l
2
2 +m
∗
1l
∗2
1 +m
∗
2l
∗2
2 +(m2+m
∗
2)l
2
1
−k1(1− k2) (29)
I∗2 =
I2+m2l22 +m
∗
2l
∗2
2
−k2 (30)
Substituting Eqn. (30) in (29) for k2 results into a condition for
k1:
k1 =− I2+ I
∗
1 +m2l
2
2 +m
∗
1l
∗2
1 +m
∗
2l
∗2
2 +(m2+m
∗
2)l
2
1
I2+ I∗2 +m2l
2
2 +m
∗
2l
∗2
2
(31)
and the equations of the reduced inertias are written by:
Iredθ1 = (I2+ I
∗
1 +m2l
2
2 +m
∗
1l
∗2
1 +m
∗
2l
∗2
2 +
(m2+m∗2)l
2
1 + k
2
1(1− k2)2I∗2 (32)
Iredθ2 = I2+m2l
2
2 +m
∗
2l
∗2
2 + k
2
2I
∗
2 (33)5A
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Figure 5. MOUNTING THE GEAR AT A TO LINK 2, THE DOUBLE PEN-
DULUM CAN BE BALANCED WITH TWO CRCMs NEAR THE BASE.
FIG. a AND b MUST BE ON TOP OF EACH OTHER WITH THE LINKS
ALIGNED AND SHARING THE SAME AXIS OF ROTATION AT O
Only CRCMs near the base
Instead of mounting the gear at A at link 1 as in the basic
CRCM-configuration or connecting it to the base as in the con-
figurations of Fig. 3 and 4, it is also possible to connect it to link
2. Then the motion of link 2 can be transmitted to the base. The
configuration then becomes as in Fig. 5.
Still there are two CRCMs m∗1,a and m
∗
1,b, however both are
located at link 1. For clarity, they are shown next to one another.
m∗1,a and m
∗
1,b do not need to be at the same location and they both
contribute to the force balance of the mechanism about O. If the
sum of m∗1,a and m
∗
1,b is equal to m
∗
1 and the sum of l
∗
1,a and l
∗
1,b is
equal to l∗1 of the previous configurations then the force balance
is maintained for the conditions of Eqn. (4) and (5).
For the moment balance of link 2, in Fig. 5a a gear mounted
on link 2 at A drives a gear at O with a parallel transmission
(equal gear diameters) and the gear at O has m∗1,b counter-rotate
with respect to link 2. A second gear at O (Fig. 5b) is connected
with a belt to m∗1,a, which balances the moment of the mecha-
nism about O. The angular momentum of this mechanism can be
written as:
hO,z = (I2+ I∗2 )(θ˙1+ θ˙2)+ I
∗
1,b(θ˙1+ θ˙
∗
2)+ I
∗
1,aθ˙
∗
1+
(r2×m2r˙2)z+(r∗1×m∗1r˙∗1)z+(r∗2×m∗2r˙∗2)z (34)
The kinematic relations of θ˙∗1 and θ˙
∗
2 are:
θ˙∗1 =
(
1− dO,1
dB,1
)
= k1θ˙1 (35)Copyright c© 2008 by ASME
θ˙∗2 =
(
1− dO,2
dB,2
)
= k2θ˙2 (36)
with dO,1, dO,2, dB,1 and dB,2 being the diameter of the gear at
O and B for link 1 and link 2 respectively. With these equations
hO,z becomes:
hO,z = (I2+ I∗2 + I
∗
1,b+m2l
2
2 +m
∗
1l
∗2
1 +
m∗2l
∗2
2 +(m2+m
∗
2)l
2
1 + k1I
∗
1,a)θ˙1+(
I2+ I∗2 +m2l
2
2 +m
∗
2l
∗2
2 + k2I
∗
1,b
)
θ˙2 (37)
Hence the mechanism is moment balanced if:
I∗1,a =
I2+ I∗2 + I
∗
1,b+m2l
2
2 +m
∗
1l
∗2
1 +m
∗
2l
∗2
2 +(m2+m
∗
2)l
2
1
−k1
(38)
I∗1,b =
I2+ I∗2 +m2l
2
2 +m
∗
2l
∗2
2
−k2 (39)
Substituting Eqn. (39) in (38) for I∗1,b results into:
I∗1,a =
(I2+ I∗2 +m2l
2
2 +m
∗
2l
∗2
2 )(1− 1k2 )+m∗1l∗21 +(m2+m∗2)l21
−k1
(40)
The equations for the reduced inertia become:
Iredθ1 = I2+ I
∗
2 + I
∗
1,b+m2l
2
2 +m
∗
1l
∗2
1 +
m∗2l
∗2
2 +(m2+m
∗
2)l
2
1 + k
2
1I
∗
1,a (41)
Iredθ2 = I2+ I
∗
2 +m2l
2
2 +m
∗
2l
∗2
2 + k
2
2I
∗
1,b (42)
Evaluation of the different configurations
The inertia of the CRCMs and the inertia equations depend
on the choice of the transmission ratios. For increasing transmis-
sion ratios the inertia of the CRCMs decreases proportionally,
but the equations for the reduced inertia increase quickly since
the transmission ratios appear squared.
Practically, the advantage of the configuration of Fig. 3 is its
low inertia since also for motion about O, the moment of link 2
is balanced by CRCM m∗2. The advantage of the configuration of
Fig. 4 is that only one CRCM is necessary for the moment bal-
ance of the complete mechanism. The configuration of Fig. 5 is
useful since having CRCMs only near the base allows a compact
construction of a balanced machine.
The inertia equations of the configuration of Fig. 4 can be
reduced by combining it with Fig. 3 where m∗1 in Fig. 3 is driven6A
q
2
q
1
O
Figure 6. 2-DOF BALANCED PARALLEL MECHANISM OBTAINED BY
COMBINATION OF TWO CRCM-BALANCED DOUBLE PENDULA
by a parallel transmission (k1 = 0) and does never rotate. m∗2 then
is used for the moment balance of both degrees of freedom as in
Fig. 4. The result is that the term I∗1 drops from Eqn. (26), (28),
(29), (31) and (32). It is evident that for a low inertia the counter-
masses should not rotate with respect to the base, besides what is
necessary to maintain the moment balance.
CRCM-BALANCED 2-DOF PARALLEL MECHANISMS
In this section three new CRCM-balanced 2-DOF parallel
mechanisms are synthesized by using the CRCM-balanced dou-
ble pendulum of Fig. 1. It is shown that the balancing conditions
and the inertia equations for these parallel mechanisms can be
derived quickly.
Any combination of one or more balanced double (or single)
pendula results into a balanced mechanism. Therefore two dou-
ble pendula balanced as in Fig. 1 can be combined such that their
origin is at the same location and they form the parallel mech-
anism of Fig. 6. The endpoint of each double pendulum does
not need to coincide but can be anywhere as long as the links
remain parallel. The mass at the endpoint and its inertia can be
balanced by both links or by only one of them. The other then
still is necessary to balance the mass and inertia of the link itself.
Since the angular velocity of parallel links is equal, for the
moment balance of two parallel links only one CRCM is nec-
essary. This means there are only two CRCMs necessary which
both can be constructed compact near the base as shown in Fig. 7.
This is a configuration described in [12]. The former CRCMs be-
come fixed counter-masses.
It is also possible to derive this parallel mechanism by com-
bination of an idler loop [13] and a CRCM-balanced double pen-
dulum as shown in Fig. 8. Also in this case, only two CRCMs
are necessary and by using the counter-mass of the idler loop as
a CRCM, they can be constructed near the base. This result is
shown in Fig. 9 and has only one fixed counter-mass instead of
two as in the configuration of Fig. 7.Copyright c© 2008 by ASME
AO
k
1
l
1
m2 I2
l
*
2
l
*
1
m*2,1 I*2,1
m*1,1 I*1,1
a
2
q
2
l
2
l
2
l
*
2
l
1
l
*
1
m*2,2 I*2,2
k
2
m*1,2 I*1,2
x
y
a
1
q
*
1
q
*
2
q
1
Figure 7. ONLY 2 CRCMs ARE NEEDED TO BALANCE THE MOMENT,
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Figure 8. BALANCED 2-DOF PARALLEL MECHANISM BY COMBINA-
TION OF A BALANCED DOUBLE PENDULUM AND AN IDLER LOOP
A
O
q
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q
1 Idler Loop
Figure 9. BY USING AN IDLER LOOP THE 2-DOF PARALLEL MANIP-
ULATOR CAN BE BALANCED WITH TWO CRMs NEAR THE BASE7With the equations of the angular momentum of the bal-
anced double pendulum being known, the inertias of the CR-
CMs and the inertia equations of the mechanism can be calcu-
lated quickly by simply adding the equations of each individual
double pendulum. As an example the angular momentum and in-
ertia equations of the parallel mechanism of Fig. 7 are calculated.
Therefore it is assumed that half of the mass m2 and inertia I2 at
the endpoint is balanced by each double pendulum. By changing
the notations slightly with m∗2 = m
∗
2,1, m
∗
1 = m
∗
1,1, I
∗
2 = I
∗
2,1 and
I∗1 = I
∗
1,1 in which the additional index 1 represents double pen-
dulum 1, the angular momentum of this double pendulum 1 can
be written from Eqn (9) as:
1hO,z = (
I2,
2
+ I∗2,1+
m2
2
l22 +m
∗
1,1l
∗2
1 +
m∗2,1l
∗2
2 +(
m2
2
+m∗2,1)l
2
1 + k1I
∗
1,1)θ˙1+
(
I2
2
+
m2
2
l22 +m
∗
2,1l
∗2
2 + I
∗
2,1)θ˙2 (43)
Note that m∗2,1 does not rotate with respect to link 1 and there-
fore k2 = 1 in Eqn (9). The angular momentum of the double
pendulum 2 can be written the same way as:
2hO,z = (
I2,
2
+ I∗1,2+
m2
2
l21 +m
∗
2,2l
∗2
2 +
m∗1,2l
∗2
1 +(
m2
2
+m∗1,2)l
2
2 + k2I
∗
2,2)α˙2+
(
I2
2
+
m2
2
l21 +m
∗
1,2l
∗2
1 + I
∗
1,2)α˙1 (44)
in which link 1 and links 2 have length l2 and l1 respectively. α˙1
and α˙2 depend on θ˙1 and θ˙2 as:
α˙1 = −θ˙2 (45)
α˙2 = θ˙1+ θ˙2 (46)
Combining 1hO,z and 2hO,z and substituting (45) and (46) results
into one equation for the angular momentum:
(1+2)hO,z = (I2+ I∗2,1+ I
∗
1,2+(m2+m
∗
1,2)l
2
2 +(m
∗
2,1+m
∗
2,2)l
∗2
2 +
(m2+m∗2,1)l
2
1 +(m
∗
1,1+m
∗
1,2)l
∗2
1 + k1I
∗
1,1+ k2I
∗
2,2)θ˙1
(
I2
2
+ I∗2,1+(m2+m
∗
1,2)l
2
2 +(m
∗
2,1+m
∗
2,2)l
∗2
2 + k2I
∗
2,2)θ˙2
(47)
As before, from the angular momentum, the equations for the
reduced inertias Iredθ1 and I
red
θ2 can be derived. The conditions forCopyright c© 2008 by ASME
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Figure 10. BALANCED CRANK-SLIDER MECHANISM SYNTHESIZED
FROM THE BASIC CRCM-CONFIGURATION
the force balance of the mechanism in this case are:
m∗1,1 = (
m2
2
+m∗2,1)
l1
l∗1
m∗2,1 =
m2l2
2l∗2
m∗1,2 =
m2l1
2l∗1
m∗2,2 = (
m2
2
+m∗2,2)
l2
l∗2
CRANK-SLIDER AND 4-BAR MECHANISMS
In this section the various CRCM-balanced double pendula
are used to derive CRCM-balanced crank-slider mechanisms and
4-bar mechanisms and it is shown that also for these mechanisms
the balancing conditions and the inertia equations can be derived
quickly.
By restricting the motion of the endpoint of the balanced
double pendulum to move along a specific trajectory, CRCM-
balanced crank-slider mechanisms can be obtained from the
CRCM-balanced double pendula of Fig. 1, 3, 4 and 5. For three
configurations the CRCM-balanced crank-slider mechanisms are
shown in Fig. 10, 11 and 12 for which the slider moves along a
straight trajectory with offset h. The slider mass then does not
rotate and a CRCM is only needed for the moment balance of the
link connected to the slider.
The advantages of each CRCM-configuration remain if the
configuration is used as crank-slider mechanisms. Important fea-
tures with respect to many other possible balancing configura-
tions are that there are no transmission irregularities or singulari-
ties and the mechanism can fully rotate (by suitable link lengths).
Also for the crank-slider mechanisms the conditions for the
force and moment balance and the inertia equations can be ob-
tained easily. The procedure is equal to that of the parallel mech-
anisms, first writing the angular momentum of the double pendu-8lum, which is known, than substituting the kinematic relations.
In these 1-DOF crank-slider mechanisms, θ2 depends on θ1. This
relation is easy to find from the second equation of r2 and its
derivative:
r2,y = l1 sinθ1+ l2 sinα2 = h (48)
r˙2,y = l1θ˙1 cosθ1+ l2α˙2 cosα2 = 0 (49)
With α˙2 = θ˙1+ θ˙2, θ˙2 can then be written as:
θ˙2 =
(−l1 cosθ1
l2 cosα2
−1
)
θ˙1 (50)
with
α2 = sin−1
(
h− l1 sinθ1
l2
)
(51)
As an example the configuration of Fig. 12 is taken for which the
angular momentum writes from Eqn. (37):
hO,z = (I∗2 + I
∗
1,b+m2l
2
2 +m
∗
1l
∗2
1 +
m∗2l
∗2
2 +(m2+m
∗
2)l
2
1 + k1I
∗
1,a)θ˙1+
(I∗2 +m2l
2
2 +m
∗
2l
∗2
2 + k2I
∗
1,b)θ˙2 (52)
Substituting the kinematic relations of Eqn. (50) and (51) then
results into:
hO,z = (I∗2 + I
∗
1,b+m2l
2
2 +m
∗
1l
∗2
1 +
m∗2l
∗2
2 +(m2+m
∗
2)l
2
1 + k1I
∗
1,a+
(I∗2 +m2l
2
2 +m
∗
2l
∗2
2 + k2I
∗
1,b)(
−l1 cosθ1
l2 cosα2
−1))θ˙1 (53)
The single equation of the reduced inertia now is dependent on
the position of the mechanism. This equation also holds for
an unconstrained balanced double pendulum moving along the
same trajectory, although than there are two input angles which
each have a constant reduced inertia.
Another balanced slider mechanism can be derived from
the parallel mechanism of Fig. 7. If the endpoint of this par-
allel mechanism moves along a straight line through the origin
as shown in Fig. 13, than the two CRCMs can become fixed
counter-masses. Half of the mass m2 (and half of I2 if not a
slider) then is balanced by each link that is attached to it. The
inertia and length of these links than must be equal and also the
links attached to the origin must have equal inertia and lengthCopyright c© 2008 by ASME
Ok
2
l
1
m2
l
*
2
-a
2
q
1
x
y
h
k
1
l
*
1
A
q
2
m*2 I*2
m*1 I*1
q
*
2
k
2
l
2
Figure 11. BALANCED CRANK-SLIDER MECHANISM SYNTHESIZED
FROM THE CRCM-CONFIGURATION WITH A SINGLE CRCM
O
l
*
2
l
*
1,b
q
1
O
l
*
1,a
q
1 x
y
+
A
l
1
m2
m*2 I*2
-a
2
q
2 l2
k
2
k
1
m*1,a I*1,a
h
q
*
1,b q
*
1,am*1,b I*1,b
a) b)
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BASE
by which they become moment balanced sets. With these condi-
tions it is also possible to have the length and inertia of the links
attached to the slider be different from the length and inertia of
the links attached to the origin.
Berestov in [7] showed a planar 4-bar mechanism balanced
by CRCMs driven by inner gears. This mechanism can be re-
garded as a combination of a balanced single and a balanced
double pendulum, shown with belt driven CRCMs in Fig. 14.
Also for 4-bar mechanisms, the different CRCM-configurations
are applicable just as the substitution of the well-known kine-
matic relations into the inertia equations of the double and single
pendulum to obtain the inertia about one of the links. This means
that with the equations for the double and single pendulum and
the kinematic relations the inertia of any 4-bar mechanism can9A
O
l
*
2
l
*
1
l
1
l
*
1
l
2
l
*
2
m2
l
1
l
2
Figure 13. 1-DOF CRANK-SLIDER MECHANISM WITHOUT CRCMs
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Figure 14. BALANCED 4-BAR MECHANISM BY COMBINATION OF A
CRCM-BALANCED DOUBLE AND A CRCM-BALANCED SINGLE PEN-
DULUM
be written down easily.
Special is the case for which the 4-bar linkage becomes a
parallelogram. From Fig. 9 and assuming the link between O
and A to be fixed with the base, the resulting parallelogram can
be balanced as in Fig. 15. Only one CRCM and one counter-
mass are necessary. If the COM of the coupler link is at one
of the joints, then it is even possible to balance the complete
mechanism with solely a CRCM.
3-DOF PARALLEL MECHANISMS
Also CRCM-balanced 3-DOF planar and spatial mecha-
nisms can be synthesized by combining CRCM-balanced doubleCopyright c© 2008 by ASME
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Figure 16. CRCM-BALANCED PLANAR 3-RRR PARALLEL MANIPU-
LATOR BY COMBINING THREE CRCM-BALANCED DOUBLE PEN-
DULA WITH EACH ONE CRCM
pendula. For instance a planar 3-RRR parallel mechanism with
one rotation and two translations (Fig. 16) or a spatial 3-RRR
parallel mechanism (Fig. 17) with two rotations and one trans-
lation. As described in [14], the platforms of these mechanisms
can be modeled by lumped masses at their joints, maintaining its
original mass, the location of the center of mass, and the iner-
tia tensor. This allows each leg to be balanced individually for
which their combination is balanced too. The dimensions of each
leg can be different, as long as each leg is balanced.
To obtain the inertia equations of these mechanisms, also
here the kinematic relations can be substituted into the angu-
lar momentum equations of the double pendula. Since there are
multiple closed loops (2), this takes a little more effort. For the
mechanism in Fig. 16 the kinematic relations can be found in10q
3
q
2
q
1
Figure 17. CRCM-BALANCED SPATIAL 3-RRR PARALLEL MANIPU-
LATOR BY COMBINING THREE CRCM-BALANCED DOUBLE PEN-
DULA WITH EACH ONE CRCM
section 3.4 of [15].
Also here the different CRCM-configurations are applicable
to each leg of the parallel mechanism. With the configuration of
Fig. 4, three CRCMs are necessary which means that there is one
counter-rotating element per DOF. However six counter-masses
are necessary to maintain the force balance, which means two
per DOF. Interesting would be to see if it is possible to only use
one counter-mass per DOF and then use this also as the CRCM.
Probably it will lead to another reduction of the total mass and
total inertia of the mechanism.
CONCLUSIONS
For balancing a double pendulum by using counter-rotary
counter-masses (CRCMs), three new configurations were de-
rived, one having a low inertia, one having a single CRCM and
one which has all CRCMs near the base. The values for the iner-
tia equations of CRCM-balanced double pendula depend mainly
on the choice of the transmission ratios. For an effective use of
the CRCMs to have a low inertia, the counter-masses should not
rotate if it is not useful for the moment balance.
It was shown that these CRCM-balanced double pendula can
be used as a building element for the synthesis of various bal-
anced parallel mechanisms, balanced crank-slider mechanisms,
and balanced 4-bar mechanisms. This approach has the advan-
tage that the balancing conditions and inertia equations of the
mechanism can be obtained easily. For constrained mechanisms
the procedure is to first write the equations for the balanced dou-
ble pendulum, which were derived for different configurations,
and then substituting the kinematic relations of the synthesized
mechanism.Copyright c© 2008 by ASME
CLOSURE
It is likely that for mechanisms balanced by other principles,
following the same approach as with the CRCMs will also lead
to a relatively quick derivation of the balancing conditions and
inertia equations. However most principles need to include more
additional parts which causes the calculations to become more
complex. A comparison of different principles to balance a dou-
ble pendulum will be the subject of another article.
NOMENCLATURE
I inertia
Ired reduced inertia
m mass
l link length
α absolute angle of link with respect to reference frame
θ relative angle between two links
r mass position vector
(.)∗ balance property
pO linear momentum about the origin
hO angular momentum about the origin
d gear diameter
k transmission ratio
T mechanism’s kinetic energy
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